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ABSTRACT 



A quantum inequality bound on the expectation 
value of the null-contracted stress tensor in an ar- 
bitrary Hadamard state is used to obtain constraints 
on the geometries of traversable wormholes. Partic- 
ular attention is given to the wormhole models of 
Visser, Kar, and Dadhich (VKD) and to those of 
Kuhfittig. These are models which use arbitrarily 
small amounts of exotic matter for wormhole main- 
tenance. It is shown that macroscopic VKD models 
are either ruled out or severely constrained, while 
a recent model of Kuhfittig is shown to be, in fact, 
non-traversable. 
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INTRODUCTION 



It has been known for some time that quantum field 
theory (QFT) allows violations of all known point- 
wise energy conditions (Epstein et al., 1965) such as 
the "weak energy condition" (WEC): 



T ab u a u b > 0, 



(1) 



for all timelike vectors u a , and the "null energy con- 
dition" (NEC) 

T ab k a k b > , (2) 

for all null vectors k a . (For these pointwise condi- 
tions, the latter condition follows from the WEC by 
continuity.) Some known examples of these viola- 
tions are the Casimir effect [(Casimir, 1948), (Brown 
& Maclay, 1969)], squeezed states (Slusher et al, 
1985), and the evaporation of black holes due to 
Hawking radiation [(Hawking, 1975), (Davies et al, 
1976), (Candelas, 1980)]. The first two have been ex- 
perimentally observed (although the energy density 



itself is too small to be directly measurable). The 
third is theoretically predicted, but necessary to in- 
sure the consistency of black hole thermodynamics. 
All of these imply that we must take negative energy 
seriously. 

On the other hand, if there are no constraints on neg- 
ative energy, we could see gross macroscopic effects, 
such as 



• possible violations of 2nd law of thermodynam- 
ics (Ford, 1978) 

• traversable wormholes [(Morris and Thorne, 
1988), (Visser, 1995)] 

• warp drive [(Alcubierre, 1994), (Krasnikov, 
1998)] 

• time machines [(Morris et al., 1988), (Visser, 
1995), (Hawking, 1992)]. 



Over the last ten years, considerable progress has 
been made on the development of "quantum inequal- 
ity (QI)" constraints on negative energy, which were 
first introduced by L. Ford (Ford, 1978, 1991). As 
a simple example, consider the massless scalar field 
in D-dimcnsional Minkowski spacetime (H = c = 1 
units). It obeys a QI of the form: 



(T ab u a u b ) u q(r) dr > 



C_ 

—D 



(3) 



where q(r) is a smooth sampling function of width To, 
and normalized to have unit integral, and C is a con- 
stant of order 1 or less, which depends only on q and 
D. The average is taken over a timclike geodesic, for 
all physically reasonable states uo and all sampling 
times To > 0. The class of sampling functions in- 
cludes both (smooth) compactly and non-compactly 
supported sampling functions. 
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A variety of such bounds have been established over 
the last decade for massless and massive fields in flat 
and curved spacetimes for general worldlines and ar- 
bitrary Hadamard states. These include various ex- 
tensions of the Ql bounds to free Dirac, Maxwell, 
Proca, and Rarita-Schwinger fields. In addition, it 
has recently been proved that all unitary, positive 
energy conformal field theories in two-dimensional 
Minkowski space obey QI bounds, thus providing the 
first examples of QIs for interacting quantum field 
theories. [For more details and references, see the 
review articles by Fewster (2003) and Roman (2004), 
as well as Fewster & Roman (2005), which is a longer 
version of the present article.] 

The QIs have been used to place strong constraints 
on exotic spacetimes, such as traversable wormholc 
and warp drive spacetimes [(Ford & Roman, (1996), 
(Pfenning & Ford, 1997), (Everett & Roman, 1997), 
(Fewster, 2004), (Nandi et al., 2004)]. The basic idea 
is to 



• obtain the stress-energy tensor required to sup- 
port a given spacetime from the metric and the 
Einstein equations; 

• assume that this stress tensor is generated by 
quantum fields; 

• test it for consistency with the QI bounds, lead- 
ing to constraints on various parameters arising 
in the metric. 



The flat spacetime QI bounds have been applied 
to curved spacetimes under the following assump- 
tion. Let i m i n be the smallest proper radius of cur- 
vature (or smallest proper distance to any bound- 
ary in the spacetime). Spacetime is approximately 
Minkowskian in regions small compared to £ m in, 
hence one can apply the flat spacetime Ql-bounds 
in the "short sampling time limit" : 



T = fir, 



(4) 



where / < 1 and the average is taken along timclikc 
geodesies. 

Strictly speaking, this is an assumption, but it is 
one for which good justification can be provided. 
The equivalence principle implies that physics "in 
the small" should be approximately Minkowskian as 
far as freely falling observers are concerned. The as- 
sumption is also borne out by specific examples in 
four dimensions by taking the short-sampling time 
limit of various curved spacetime QIs [(Pfenning & 
Ford, 1998), (Fewster & Teo, 2000)]. Its validity has 
recently established for massless scalar fields in gen- 
eral two-dimensional spacetimes (Fewster, 2004). 



2. MORRIS-THORNE WORMHOLES 

Morris and Thorne introduced a class of wormholes 
described by the metric: 

ds 2 = -e^dt 3 + dl 2 + r 2 (l)(d9 2 + sin 2 ^ 2 ) , 

(5) 

where i is the radial proper length, and $ is the "red- 
shift function" . One can also write the metric in the 
form 

rlr 2 

ds 2 = ~e 2 ^dt 2 + ^ Z w , +rW+sinW) , 
(1 - b{r)/r) 

(6) 

where b(r) is called the "shape function" . The throat 
of the wormholc is located at b(r) — r = r and 



1 = 



f{t) 



dr 



(7) 



(l-6(r)/r)V2 ' 
is the radial proper distance from ro to any r > r$. 
The curvature tensor components are 

R Mr =(l-~) [<*>" + (*')*] + |i (b b'r) , (8) 
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^§4,94, 
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(9) 



(11) 



These are the components in a static orthonormal 
frame. 

The relevant stress tensor components for our dis- 
cussion are 

b' 

P = 



Pr 



1 

"8^ 



87T7- 2 ' 

b 2$' 



(12) 
(13) 



The quantities p and p r are the mass-energy density 
and radial pressure, respectively, as measured by a 
static observer. 

Let Rmax be the magnitude of the maximum curva- 
ture component. Then the smallest proper radius of 
curvature is 

r c « ■ (W) 

If we work in a small spacetime volume around the 
throat whose size is <C r c , then the flat QI bounds 
should then be applicable in this region. One typi- 
cally finds (Ford & Roman, 1996) that the QI bound 
implies that either the wormhole is only a little larger 
than Planck size or there is a large discrepancy in the 
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length scales which characterize the wormhole, e.g., 
the (-) energy must be concentrated in a thin band 
many orders of magnitude smaller than the throat 
size. Similar constraints have been obtained for warp 
drives [(Pfenning & Ford, 1997), (Everett & Roman, 
1997)]. 



3. A NEW APPROACH 



Most QIs to date have involved an average of the 
energy density over a timelike worldline. Recently 
a "null-contracted" QI was proven (Fewster & Ro- 
man, 2003) in which one averages the miZ/-contracted 
stress tensor {T ab k a k b ) w over a timelike worldline. 
[The techniques used in the proof are those first used 
by Fewster (2000) to prove a general QI on energy 
density in arbitrary globally hyperbolic spacetimes.] 
As a simple case, consider the massless scalar field in 
4D Minkowski spacetime where the average is taken 
over a timclike geodesic with (constant) four-velocity 
u a , and where k a is a smooth constant null vector 
field. The new QI takes the form 



dr(T ab fc a fc% 5 (r) 2 > 



{kgU a f 

12tt 2 



drg"(r) 2 , 
(15) 

for all Hadamard states lu and any smooth com- 
pactly supported g. As before, we can apply this QI 
to wormhole spacetimes in the short sampling time 
limit, t = f£ m in, where / < 1. 

Suppose (T afc /c a /c b ) w < £, for < t < r . Then 

£jg(T) 2 dT > J (T ab k a k b ) u g(r) 2 dT, (16) 
> -^f^fdr, (17) 



so 



1 r fg"(T) 2 dr 

c ~ 12^ 2 Jg(T) 2 dT 



(18) 



taking the infimum over smooth g compactly sup- 
ported in (0,To). Solving the variational problem 
one gets 

£>~, C~5, (19) 
(in units where H = c — 1). 

To apply our QI to wormhole spacetimes let us 
choose k = e t - + , and our worldline to be that 
of a static observer at the throat. Then for this tra- 
jectory, k a u a = 1, and 

T ab k a k b = const = < , (20) 

where b' Q = b'(r ), and l p is the Planck length. 



Assume that the stress-energy tensor is generated 
by a Hadamard state of a free scalar quantum field. 
Then our QI bound implies: 



8^ 



< 



C 



For r = f£ m in we get 

mm - 



b'n< 



TO 



Vs^cip 
~1 2 ~ 



(21) 



(22) 



As a reasonably generous interpretation of To <C 
£min, let us choose / = 0.01. Since \/8nC w 10.3, 
we have that 



t 2 ■ 



(23) 



We can use this bound to obtain strong constraints 
on wormholcs, in general. Let us now look at some 
specific cases. 



4. VISSER-KAR-DADICH WORMHOLES 

Visser, Kar, and Dadich (VKD) introduced the ex- 
pression: 

f[p + p r ]dV = 2f [p + p r ]Anr 2 dr (24) 

J Jro 

suitable measure of the "amount of exotic mat- 
ter" required to maintain a traversable wormhole 
(Visser et al., 2003). [Other possible volume mea- 
sures were discussed by Nandi et al. (2004).] VKD 
then considered a class of wormholes for which the 
"averaged null energy condition ANEC" line inte- 
gral is finite and negative, but for which the volume 
integral above can be made as small as one likes. 
They concluded that one can construct traversable 
(in principle) wormholes using only arbitrarily small 
amounts of exotic matter. 

All of the models discussed by VKD are "spatially 
Schwarzschild" , that is, 



b(r) = 2m = r . 



(25) 



so the t — const spatial slices are the same as those 
of Schwarzschild. Therefore b'(r) = 0, which implies 
that p = 0, i.e., the energy density is zero in the 
static observer's frame. To apply the original QIs 
derived for energy density one would have to go to 
a boosted frame in which the energy density is neg- 
ative. (Such a frame can always be found when the 
WEC is violated.) The disadvantage is that in so 
doing, one might have to insure that the sampling 
time does not exceed the proper time that the ob- 
server remains in the region of exotic matter. This 
problem does not arise using the nw^-contracted QI, 
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because the latter involves not only the energy den- 
sity but also the radial pressure. Hence we can take 
our observers to be static and located at the throat. 

As a specific example of QI constraints on VKD 
wormholes, we consider the "piecewise R — (zero 
scalar curvature)" wormhole. For this type of worm- 
hole 



exp[<I>(r)] = e+Xy/l — 2m/r , for re (ro = 2m, a) , 

(26) 

and 

exp[$(r)] = \J\ - 2m/r, for re (a, oo) , (27) 

where a is essentially the coordinate thickness of the 
region of exotic matter. Continuity of the metric 
coefficients implies that 



A = 1 



(28) 



where e s = y/l — 2m/ a. In this case, l m in — r c = f o • 
Applying our QI bound gives 



ro 



with b' = 0, we have 



<10 5 L 



(29) 



(30) 



So macroscopic "piecewise R — 0" wormholes are 
ruled out. 

It should also be noted that quite apart from the QI 
constraints, macroscopic VKD wormholes would be 
subject to other problems. The smaller the amount 
of exotic matter in these wormholes, the closer they 
are to being vacuum Schwarzschild wormholes. This 
could lead to problems with traversal, since the 
smaller the amount of (— ) energy, the longer the 
traversal time, as measured by external clocks. Pos- 
sibly more serious are stabilization problems. The 
smaller the total amount of (— ) energy, the more un- 
stable the wormhole is to even very small amounts 
of infalling (+) energy radiation (e.g., infalling CMB 
photons), due to their enormous blueshifts. 



5. KUHFITTIG'S WORMHOLES 



Kuhfittig introduced a series of wormhole models 
(Kuhfittig, 1999, 2002, 2003) which were also de- 
signed to minimize the total amount of exotic mat- 
ter. In Fewster & Roman (2005), we used the QI 
to put severe constraints on one such class. Here 
we consider a recent model which he claims to be 
traversable, uses an arbitrarily small amount of ex- 
otic matter, and is consistent with the QIs (Kuhfit- 
tig, 2003). In this model he writes the metric in the 
form 

ds 2 = -e 2 ^dt 2 + e 2a ^dr 2 + r 2 (d9 2 + sm 2 9d0 2 ) , 

(31) 



(32) 



so that 

b{r) = r{l-e- 2a{r) ). 
He then assumes that 

• (1) lim r ^ r +a(r) = +oo, so that b' — 1. 

• (2) 7(r) is finite at r = r . 



Assumption (1) implies that the wormhole flares out- 
ward very slowly. Assumption (2) is made to avoid 
an event horizon at the throat r . 

In particular, he chooses 

k 



a(r) = 



n > 1 



(r - r )" 

where here k is a (positive) constant and 
L 



7(r) 



(r - r 2 ) n ' 



n > 1 . 



(33) 



(34) 



where L is another positive constant, and < r 2 < 
r . The choice n > 1 is made to obtain b'(r) <~ 1 
near r = r . The condition on r 2 is imposed to avoid 
an event horizon at the throat r . 

These choices for a(r) and j(r) lead to the following 
problems: 

• radially ingoing light rays reach the throat only 
after an infinite lapse of affine parameter; 

• radially infalling particles take an infinite 
amount of proper time to reach the throat. 

Therefore, contrary to his claims, Kuhfittig's worm- 
hole is not traversable. This failure is related to the 
very "slow-flaring" property, and an apparent confu- 
sion between proper and coordinate distance. 

As this contribution was being finalised, Kuhfittig 
released a preprint (Kuhfittig 2005) which modifies 
the form of a(r) and 7(r) near the throat to 



a(r) = In 



K 



(r - r ) a 



and 



7(r) 



In 



(r - r 2 ) b 



(35) 



(36) 



for positive constants K and L, with 1/2 < a < b < 1 
and < r 2 < ro. With these choices the wormhole 
is now traversable, and has b' — 1, thereby evading 
the general analysis given above. However, it suffers 
from a different problem: one may show that points 
at radius r = 2r — r 2 lie in the NEC- violating region 
for all possible values of the parameters above, and 
that the radial tidal constraint |i? t >tfl < (10 8 m) 2 
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(Morris and Thorne 1988) implies, for this value of 
r, that 

(r ° * < (10V)- 1 (37) 

(ignoring factors of order 1). But computing the 
proper distance to this radius, 2ro — 7*2, from the 
throat yields 



I = 



K(r - r 2 



(1-a) 



> 10 s m ! 



(38) 



So this model, as it stands, involves an extensive 
region of NEC-violation, if it is to respect the ra- 
dial tidal constraint necessary for human traversal. 
While the model can doubtless be modified further, 
to cut off the NEC violation before radius 2ro — r 2 , 
such a modification would have to satisfy the quan- 
tum inequalities and tidal constraints at all radii 
r > ro in the NEC-violating region if it is to be a 
reasonable model. Whether this is possible or not 
remains to be seen. 



6. SUMMARY OF RESULTS 



In this work we employed a recently derived QI 
bound on the nitZZ-contracted stress tensor averaged 
over a timelike worldline to give a simplified analy- 
sis of general wormhole models, not just those with 
small quantities of exotic matter. In particular our 
results imply that macroscopic VKD wormholes are 
ruled out or severely constrained, i.e., there is a large 
discrepancy between throat size and curvature ra- 
dius. We also derived constraints on the Kuhfittig 
models, and in fact showed that one of the recent 
models presented is not traversable. 

The concentration of exotic matter to an arbitrarily 
small region around the wormhole throat, in a purely 
classical analysis, is by itself, not sufficient to guar- 
antee both traversability and consistency with the 
QI bounds. 
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